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Abstract 
This paper presents dynamic modelling of peripheral milling systems with axially varying dynamics. The end mill is divided 
into differential elements along the cutter axis, and discrete nodes are assigned along the axial depth of cut. The cutting forces, 
which include regenerative and process damping components, are distributed to nodes. The equation of motion is transformed into 
modal space as periodic, delayed differential equations which cover one tooth period for regular, and one spindle period for variable 
pitch cutters. The directional coefficients are averaged and the stability is solved in frequency domain using Nyquist criterion. The 
presented model is experimentally verified in peripheral milling tests with low radial and high axial depth of cut.  
 
© 2012 The Authors. Published by Elsevier B.V.  
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1. Introduction 
Aircraft industry machines monolithic parts from 
solid blanks by milling more than 90% of the material on 
high performance machining centers. The aluminum 
parts are milled at high spindle speeds to take advantage 
of stability pockets, while thermal resistant alloys are 
machined at low speeds to avoid accelerated tool wear. 
Most of the aircraft parts have pockets surrounded by 
thin walls. Unless avoided, chatter and forced vibrations 
violate the surface finish and tolerance limits of costly 
aircraft parts. This paper presents a unified, discrete time 
model of milling operations with deep axial and low 
radial depth of cuts that are commonly found in 
machining aircraft parts.  
The planning of milling operations requires two 
steps of investigation: Prediction of stability charts 
which allows the planner to identify the most productive 
cutting depth and spindle speed; and the prediction of 
cutting forces, torque, power and dimensional form 
errors to check the feasibility of desired cutting 
conditions. The stability of the process is either analyzed 
in frequency or discrete time domain as surveyed by 
Altintas and Weck [1]. The frequency domain models 
either average the periodic directional factors to remove 
Nomenclature 
dz  Differential height of cutter element 
k  Index of cutter section 
N Number of flutes  
( d )N k z  Local cutting edge angle 
( , d )T t k z  Transformation matrix from radial-
tangential-axial (rta) to Cartesian 
(xyz) coordinates 
q  Number of points at tool-part contact 
zone 
tm  Total number of modes of tool 
tUˆ  Mass normalized mode shape matrix 
( )t* , ( )t*  Modal displacement and velocity 
vectors  
T  Tooth passing period  
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the time dependency of delayed differential equations or 
include their harmonics to approximate the periodicity of 
the axis [2,3]. Discrete time domain models digitize the 
dynamic system into discrete number of equations 
covering one period (i.e. tooth period) of the milling 
system, and the stability is evaluated by checking the 
eigenvalues of the matrix [4]. Although the discrete time 
methods are computationally more costly, they can 
predict the stability more accurately when the system is 
highly interrupted such as peripheral milling of thin 
walled aircraft structures at low radial immersions [5].      
This paper presents a discrete time model of flexible 
milling systems with varying dynamics along the axial 
depth of cut. The process forces include regeneration and 
process damping parts which are distributed to discrete 
points along the cutter axis. The forces are transformed 
to modal space where the modal displacements are 
modeled in discrete time intervals as cuter rotates. The 
stability is predicted in frequency domain using 
averaged directional factors.  
2. Generalized modeling of dynamic milling process 
A slender cutter with varying structural dynamics 
along its axis is assumed to cut a large axial and small 
radial depth of cut as shown in Fig. 1. The cutter is 
divided into l number of discrete elements where each 
element may have a unique structural dynamics. The 
chip thickness, vibrations and cutting forces are 
predicted at each layer, and superposed in three 
Cartesian directions to evaluate the process in 
measurement coordinate system [6]. The dynamic 
component of the force vector is as follows: 
  ed
1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) d
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Derivations of dynamic ( cd ( )tf ) and process damping 
( ed ( )tf ) force components are given in [6]. The 
displacement ( ( )tQ ), delayed displacement for j -th 
flute, velocity and force vectors are defined at the q  
number of points along the depth of cut in Cartesian 
directions (x,y,z) as (Fig. 2):  
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Fig. 1 Peripheral milling with varying geometry and structural 
dynamics along the axial depth of cut.  
The transfer function matrix ( )sΦ of tool is expressed 
in Laplace domain as: 
[3 1] [3 3 ] [3 1]( ) ( ) ( )u u u Q Φ Fq q q qs s s                            (3) 
The structure’s transfer function matrix is expressed 
as the superposition of m number of dominant modes: 
2 2 1 T( ) ( 2 )  Φ I ζω ωn ns s sU U                          (4) 
Where [ ]m muI  is the identity, [ ]m muζ  is the diagonal 
damping ratio, and [ ]n m muω  is the diagonal natural 
frequency, and [ × ]q mU is the mass normalized mode 
shape matrix, respectively. The equation of motion is 
solved in modal coordinates as, 
( ) ( ) Q s sU*                   (5) 
where [ 1]mu* is the modal displacement vector. By 
substituting Eq.(4) and Eq.(5) into Eq.(3) the modal 
displacements can be expressed as: 
2 2 1 T( ) ( 2 ) ( )  I ζω ω Fn ns s s sU*                (6) 
The slender end mill acts as a beam with lumped 
dynamics at discrete nodes along the axial depth of cut. 
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The chatter stability and deflection errors left on the part 
are mainly caused by the lateral modes. The reduced 
mode shape matrix for tool ( tUˆ ) is expressed at the q  
number of nodal points at the cutter axis as: 
t
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   (7) 
where tm  represents the number of dominant modes. 
From Eq.(6), by applying the distributed cutting forces 
on tool, and transforming them into modal forces with 
mode shapes, the coupled dynamic milling system is 
represented in modal space as: 
2 T
t t ,t t ,t t t
ˆ( ) 2 ( ) ( ) ( )n nt t t t   ζ ω ω FU* * * . (8) 
The stability of generalized dynamics of the flexible 
end mill (Eq.(8)) is solved in frequency domain using 
Nyquist criterion in the following section.  
 
3. Stability analysis of the flexible dynamic milling in 
frequency domain 
The equations of motion (Eq.(8)) of the dynamic 
milling system are Delay Differential Equations (DDE)  
with periodic coefficients, and solved with the updated 
version of zero order frequency domain method [7]. 
Stability of the system can be determined by setting the 
modal displacements as: 
 t t( ) exp  Zct i t* *               (9) 
where cZ  is chatter frequency and t*  is the 
amplitudes of displacement vector. Similarly, the 
physical displacement relative displacement vector can 
be set as:  
 t t( ) exp  ZQ Q ct i t                              (10) 
 
Fig. 2 Structural dynamic model of a flexible cutter in milling 
operation.  
where tQ  is the amplitude vector. From Eq.(2) and 
Eq.(10), t, ( )Q j t  is found as 
t, t( )  Q D Qj jt                                           (11) 
where, coefficient matrix for j-th flute is 
1,1 1,1 1,1
1, 1, 1, [3 3 ]
exp( ) exp( ) exp( )
                        exp( ) exp( ) exp( )
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By substituting Eq.(10) and Eq.(11) into Eq.(1), the 
cutting force becomes: 
  ed t
1 1
( ) ( ) ( ) ( ) d exp( )
  
­ ½ª º° °    Z  Z« »® ¾« »° °¬ ¼¯ ¿
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j j
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Zero order approximation can be used to predict the 
chatter stability by averaging directional factors. The 
periodic parameters in Eq.(13) are averaged as:   
 0 0 0 t( ) d exp( )ct z i tª º#    Z¬ ¼F A B C Q    (14) 
where averaged matrix for current vibration is 
1/
0
10
( )d
:
 
 : ¦³A N cd
j
t tf                (15) 
Or in angular notation: 
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Since the cutter is engaged only when st exI  I  I , 
Eq.(15) can be simplified as: 
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Similarly, 0B  and 0C  can be simplified and resulting 
in: 
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where A  and C  matrices are given in Appendix 
A.2. By substituting Eq.(18) into Eq.(14), the critically 
stable dynamic force becomes:  
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By substituting t t tˆ Q U *  (Eq.(5)) into Eq.(19) 
yields 
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From Eq.(8) and Eq.(20), the following eigenvalue 
equation can be constructed: 
  1
2
1
2 2
[ ] t ,t ,t
T T
t t t t
1 1
...
2 2
exp( ) exp( )
1
2 2
=
2
ˆ ˆ ˆ ˆ= ,    =
tc
t c t c
c sp w
N
j
j
m m n n
K A
i t dz i t
i NK L
C
D
N
i

 
u
S* Z  ) * Z
Z
S :
ª§ · º¨ ¸« »¨ ¸« »¨ ¸« »¨ ¸« »¬© ¹ ¼

 Z  Z
    
¦E D
I ζ ω ω
A E A C CU U U U
)
    (21) 
Rewriting Eq.(21) gives the eigenvalue problem: 
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Which leads to the following characteristic equation: 
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The stability lobes are constructed from Nyquist 
criterion. At each spindle speed ( : ) and number of 
contact points ( q ), chatter frequencies ( cZ ) are 
searched whether characteristic equation makes a 
clockwise rotation around the origin of complex plane. 
Critical depth of cut ( d a q z ) is found when the 
characteristic equation passes through origin of the 
complex plane.     
4. Simulations and experimental results 
The proposed chatter stability method is 
experimentally validated by conducting cutting tests 
with a slender, carbide helical end mill with 19.05mm 
diameter, 4 flutes, 30 deg helix angle, sharp edge with 
110 mm stick out from the shrink-fit tool holder. The 
workpiece was kept rigid with an order of magnitude 
higher dynamic stiffness than the spindle/tool system. 
Impact modal tests were conducted to measure 
Frequency Response Function (FRF) and mode shapes 
of the impulse hammer instrumented with a force sensor 
was applied at point 3; and Laser Doppler Vibrometer 
(LDV) was used to measure the displacements of the 
tool at four points. The identified modal parameters in 
feed and normal directions are given in Table 1. The 
modal displacements between the measurement points 
were evaluated by a linear interpolation. The modes 
around 794, 830 and 1144 Hz are the most flexible; 
hence they are most prone to chatter. The work material 
was Aluminum 7050. The radial depth of cut was 
selected as 0.9525 mm (%5 immersion) in down milling 
mode. FRF of tool is measured at four locations as 
shown in Fig. 3. The cutting coefficients were 
mechanistically identified as [ tc rc acK K K ] = [696, 
106, 344] MPa and [ te re aeK K K ]=[12.4, 13.4, -0.6] 
N/mm. The cutting tests were conducted on Mori Seiki 
NMV5000 machining center, and all force, vibration, 
sound measurements and modal analysis were made 
with CUTPRO developed at our laboratory [8]. The 
cutting forces were measured with a Kistler table 
dynamometer.  
The predicted stability lobes agreed well with 
experiments as shown in Fig. 4. The spindle speeds are 
varied between 8,000 and 16,000 rev/min at 25 rev/min 
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increments. The cutting depth is increased with axial 
differential element increments of d 0.5 z mm. 
 
 
 
(a) Measurement 
points 
(b) Measured FRFs in feed (x) direction. 
 
 
 (c) Measured FRFs in normal (y) direction 
Fig. 3 Measured Frequency Response Functions (FRF) along the 
slender end mill axis. [Note: Impact location is kept constant at Point 3 
to avoid hammer bounces; the vibrations are measured with laser at 
points 1 to 4.] 
Table 1 Identified modal parameters in feed and normal directions. 
Measurements are made at locations 0, 27, 54 and 86 mm away from 
the tool tip.  
 Feed direction  
Number of modes 8 
Natural frequencies [Hz] 76,139,261,405,570,780,825,1143 
Damping ratios [%] 3.50,4.89,4.55,6.45,3.17,3.18,1.10,3.34 
Normalized mode shape 
vector [1/ kg ] 
Mode#1: 0.0574,0.0540,0.0566,0.0532 
Mode #2: 0.0613,0.0577,0.0629,0.0684 
Mode #3: 0.144,0.120,0.123,0.107 
Mode #4: 0.272,0.170,0.213,0.163 
Mode #5: 0.501,0.369,0.342,0.242 
Mode #6: 1.61,1.05,0.939,0.577 
Mode #7: 1.26,1.14,0.784,0.556 
Mode #8: 2.01,1.56,0.800,0.238 
 Normal direction  
Number of modes 8 
Natural frequencies [Hz] 190,265,424,566,794,830,1144,1508 
Damping ratios [%] 4.90,3.12,1.88,3.13,2.53,0.92,2.98,5.36 
Normalized mode shape 
vector [1/ kg ] 
Mode #9: 0.0781,0.0846,0.0947,0.104 
Mode #10: 0.110,0.088,0.0904,0.0882 
Mode #11: 0.154,0.127,0.138,0.103 
Mode #12: 0.470,0.362,0.333,0.226 
Mode #13: 1.71,1.18,0.910,0.589 
Mode #14: 1.06,1.01,0.733,0.448 
Mode #15: 2.04,1.41,0.753,0.257 
Mode #16: 1.22,0.812,0.226,0.0153 
 
 
Fig. 4 Experimental validation of stability models. A) Unstable cut at 
10,500 rev/min spindle speed with 30 mm depth of cut; B) Stable cut at 
12,700 rev/min spindle speed with 25 mm depth of cut.  
When constant dynamics along depth of cut is 
assumed (Ref. [7]), the limit depth of cut is 
underestimated (Fig. 4). Actual stiffness is higher due to 
increasing structural stiffness along the cutter.   
Cutting tests away from the stability lobes were quite 
damaging to the tool due to excessive, unstable 
vibrations. As a consequence, all milling tests have been 
conducted either inside the lobe or very close to the 
stability lobes where the process is critically stable. 
Time domain measurements of two sample cutting tests 
are shown in Fig. 4. The process was stable at the 
spindle speed of 12,700 rev/min with 25 mm axial depth 
of cut. The cutting forces are periodic at spindle speed 
(211.6 Hz) due to run out and at tooth passing frequency 
(846.6 Hz). When the speed was decreased from 12,700 
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rev/min to 10,500 rev/min, at 30 mm axial depth of cut, 
the process was unstable due to the mode around 1144 
Hz. The surface finish was very poor, and chatter 
occurred at 1245Hz due to influence of cutting stiffness, 
directional factors and slight changes in the spindle’s 
natural frequency under operating conditions. The 
accuracy of the prediction is highly dependent on the 
modal testing of the cutter, the presence and variation of 
split modes at both 790 and 1144 Hz, and the 
identification errors in modal parameters. 
5. Conclusion 
The chatter stability of flexible end-mills cutting at 
high axial and small radial depths of cuts is presented in 
this paper. The geometry of the cutter, the variation of 
dynamic stiffness along the axial depth of cut and 
process damping are integrated to the general 
formulation of the dynamic milling system. The chatter 
stability of the dynamic milling system is solved in 
Frequency domain by averaging the time periodic 
coefficients. The same process has been solved in semi 
discrete time domain [6] by the authors in order to 
predict the process forces, vibrations, surface finish and 
stability simultaneously. However, the frequency 
domain solution is faster and more practical than discrete 
time solutions if only the chatter stability of the flexible 
system is the objective of the process planners. 
However, discrete time solutions can predict the stability 
better if the process is highly intermittent when cutters 
with small helix angle are used.   
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Appendix A.  
A.1. Dynamic cutting force vectors (Eq.(1)) 
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